Numerical Analysis of Variable Property

Heat Transfer to a Single Sphere in

High Temperature Surroundings

A theoretical study has been conducted to investigate the effects of large
temperature differences on the rate of pure heat transfer from a very hot gas
to stationary spheres.

In the numerical analysis, the momentum and energy equations for vari-
able property flow past a sphere were solved simultaneously, using finite
difference techniques. Results were obtained for Reynolds numbers up to
50 and surface temperature to gas temperature ratios varying between 0.25
and unity, These ranges cover most of the conditions commonly encountered
in heterogeneous plasmas, transferred arc, and other high temperature chem-
ical engineering processes. The flow behavior, drag coefficients, and Nusselt
number were calculated for each case.

The constant property solutions were in excellent agreement with nu-
merical and experimental results reported in the literature, thus justifying
the validity of the model and of the underlying assumptions. In general, the
effect of variable properties was to drastically increase the flow velocity,
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vorticity, and temperature and vorticity gradients near the surface.

A generalized heat transfer correlation was derived which, in addition to
constant property conditions, included the effect of large variations in the
physical properties of the fluid as a result of large temperature differences.

SCOPE

The present study forms part of a continu'ng program
of investigation carried out in this laboratory by the
Plasma Technology Group towards the application of
plasmas to chemical and metallurgical processes of in-
dustrial interest. Heterogeneous solids-gas reactions in-
volving the contacting of fine particles with an entraining
plasma gas appear to be particularly promising, as for
example in the production of such refractory metals as
molybdenum, zirconium, and titanium from their respec-
tive ores or concentrates, as well as in the production of
ferroalloys, such as ferrovanadium and ferrocollumbium.
Owing to the very short contacting times available be-
tween the high temperature plasma and the entrained
particles (of the order of a few milliseconds), an accurate
knowledge of the rate of heat transfer to the particles is a
prime requirement for the reliable design, operation, and
optimization of plasma reactors, particularly when a high
degree of conversion is required. The purpose of the pres-
ent study was to provide this fundamental information,

Although a good deal of work has been published on
heat transfer to particles under conditions of moderate tem-
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perature difference, little information is available on the
situation where this difference is so large that the assump-
tion of constant property flow is no longer permissible. In
most heterogeneous plasma systems, the temperature of
the particle may range from 1 500° to 2 500°K, while that
of the surrounding plasma extends from 5 000°K upward.
In addition, the Reynolds number of a particle exposed to
a plasma flame is characteristically small, typically less than
50, owing to the unusually high value of the kinematic
viscosity.

Needless to say, the findings of this study will also find
applications in an ever increasing number of nonplasma,
high temperature chemical or metallurgical processes
where very large temperature differences exist between
the solid and gaseous phases in contact.

The analysis presented in this study is based on the nu-
merical solution of the equations of motion and energy
for pure steady state heat transfer and variable property
flow at low Reynolds numbers, using finite-difference ap-
proximations, thus reducing the nonlinear partial differ-
ential equations to a set of nonlinear algebraic equations,
which are then solved by iterative methods. Owing to the
complexity of the equations involved in this study and to
the number of iterations required to reach convergence,
considerable attention was devoted to the selection of ap-
propriate mesh size and values of the relaxation coefficient.
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CONCLUSIONS AND SIGNIFICANCE

1. Numerical solutions have been obtained for the cou-
pled momentum and energy equations for variable property
flow past a sphere. The constant property solutions were
generally in excellent agreement with numerical and ex-
perimental results reported in the literature. No such com-
parison was possible for the variable property case, owing
to the unavailability of pertinent data.

2. Convergence became more difficult as the Reynolds
number or the temperature difference was increased. Very
low relaxation coefficient had to be used, thus increasing
computation time significantly, This limited the present
analysis to Ng. = 50 and dimensionless surface tempera-
ture Ty == 0.25. T is defined as the ratio of the tempera-
ture of the sphere suriace to that of the surrounding gas
stream.

3. In general, the effect of variable properties was to
drastically increase the flow velocity, vorticity, and tem-
perature and vorticity gradients near the surface. The
Nusselt number and the drag coefficients were decreased
as a result of lower thermal conductivity and viscosity near
the surface.

4. The flow separation and the size of the vortex were
not markedly affected by the change in the surface tem-
perature. However, as the surface temperature was de-
creased, the surface pressure was drastically changed, lead-
ing in some instances to negative values of the pressure
drag coefficient.

5. A general heat transfer correlation has been derived
that applies equally to constant and variable property
flows, The variations in the fluid properties were ac-
counted for by choosing suitable reference temperatures

for the kinematic viscosity and thermal conductivity and
by introducing the variable property limiting Nusselt num-
ber 2f, to replace the limiting Nusselt number of 2 in the
constant property correlation, This equation can be written
as

Nyw = 2fo + 0473 NpNpewso
where
—0.145
m = 0.78 NReO.lﬂ
2fo =2(1— To*=)/[(1 + x) (1 — Ty) T¢*]

= limiting Ny,
NReo,m = UD/Vo.m

In the above, x is the value of the exponent on T, in the
expressions relating the viscosity and the thermal conduc-
tivity to the absolute temperature. The reference tempera-
ture for k is the sphere temperature, and that for v is Tg s
= T + 0.19(T, — T,). Thus, the Nusselt number (and
hence the heat transfer coefficient h) are evaluated at the
sphere surface temperature, while the Reynolds number
(and m) are at T 1.

Use of the mean film temperature resulted in errors in
the Nusselt number as high as 209, The applicability of
these reference temperatures for gases having values of x
other than that of 0.8 was not, however, verified.

6. The change in the drag coefficient due to positive
pressure gradient over the sphere surface cannot be pre-
dicted from the constant property situation, and, there-
fore, the use of average temperatures to correct for vary-
ing properties can lead to highly erroneous results.

A large number of studies have been published in the
literature on the subject of momentum and heat transport
to spheres and cylinders. Clift et al. (1978) give an
extensive coverage of transport phenomena around solid
and fluid spheres. The review in this section will, there-
fore, be limited to studies pertinent to the type of flow
encountered in plasma jets, transferred electric arcs, and
similar high temperature devices and processes, which
lie mainly in the low and intermediate ranges of the
Reynolds number (O < Re < 100). Also, the emphasis
will be more on theoretical analyses of the problems of
flow and heat transfer to spheres than on experimental
results on drag coefficients or heat transfer rate. An
experimental study of the rate of heat transfer to a
stationary sphere from an argon, which confirms the
present findings, will be presented in a subsequent paper.

FLOW AROUND A SINGLE SPHERE

The Navier-Stokes equations for the flow around a
sphere are highly nonlinear, even for the simplified case
of constant physical property fluids. Consequently, no
completely exact solution exists for these equations.

Following the pioneering work of Stokes (1850) and
Oseen (1910), the next significant step was taken by
Proudman and Pearson (1957) who obtained higher
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order approximations for the flow around a sphere by
the method of matched asymptotic expansions. These
authors used the solutions of Stokes and Oseen as the
inner and outer expansions, respectively. By matching
these expansions, a uniformly valid asymptotic repre-
sentation of the flow could be found. In other words,
the Proudman and Pearson’s solution makes use of the
fact that the Stokes’ solution is valid near the surface,
while Oseen’s solution satisfies the flow conditions at
large distances away from the sphere. Their analysis was
extended by Chester and Breach (1969), following the
same method, resulting in a solution which was accurate
to a Reynolds number of about 5.

Kawaguti (1955, 1958) obtained separate approx-
imate solutions of the Navier-Stokes equation for the
low (0 to 10) and intermediate (10 to 80) ranges of
the Reynolds number. He used a Galerkin error-distribu-
tion method which involves the choice of a trial poly-
nomial for the stream function that is made to satisfy
the flow equations and the boundary conditions, This
method was extended by Hamielec et al. (1962, 1963)
to viscous flow around fluid and solid spheres at Reynolds
numbers up to several thousands. Hoffman and Ross
{1972) employed the error-distribution method, modified
to include a finite radial mass efflux from the surface, to
investigate the effect of mass transfer on heat transfer to
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an evaporating droplet.

The earliest finite-difference solution was reported by
Jenson (1959) for steady state flow at N, of 5, 10, 20,
and 40. Hamielec et al. (1967) obtained more accurate
results by using a finer grid and a larger size field. The
Reynolds number range of their solution was between
0.1 and 100. LeClair et al. (1970) extended this work
up to Nge of 400. At low Nk, their results departed
significantly from those of Jenson while agreeing well
with the results of Hamielec and of Rimon and Cheng
(1969) at higher Ng.. A more thorough discussion of
the numerical results was presented by Pruppacher,
LeClair, and Hamielec (1970). Rimon and Cheng (1969)
solved the time-dependent Navier-Stokes equations nu-
merically for very long times to obtain the steady state
solution. LeClair and Hamielec (1970) studied the flow
behavior of an accelerating sphere in a viscous fluid in
the Reynolds number range of 0.1 to 150, The complete
Navier-Stokes equations were solved numerically to-
gether with the Basset equation for the sphere.

Dennis and Walker (1971) solved the Navier-Stokes
equations for the flow around a sphere for Reynolds
numbers between 0.1 and 40. They used a semianalytical
formulation where the flow variables were expanded as
series of Legendre functions, hence reducing the equa-
tions of motion to ordinary differential equations, which
were then solved numerically.

All the solutions discussed above were obtained for
the case of a constant property fluid. Very few researchers
have studied the problem of variable property flow.
Kassoy et al. (1966) presented solutions of the momen-
tum equation for cases involving significant variations
of the physical properties and temperature. The method
of matched asymptotic expansions was used, thus restrict-
ing the Reynolds number to the order of unity and the
dimensionless temperature difference to the order of the
Reynolds number, Seymour (1971) calculated the aero-
dynamic drag on a small sphere moving in an ionized
gas where the temperature ratios between the bulk of
the gas and the sphere surface were of the order of
40:1, at Ng, < 1.5. The properties were allowed to vary
exponentially with the temperature.

Woo (1970), using relaxation methods, solved the
flow and energy equations numerically for a variable
density fluid. The viscosity and the thermal conductivity
were assumed temperature independent, Flow patterns
were calculated for cases where natural convection was
significant. Dumargue et al. (1974) studied the problem
of evaporation from a spherical superrefractory particle
in a fluid with variable physical properties, The case
of zero Reynolds number was solved first. Dufour effects,
radiation, and forced convection heat transfer were intro-
duced later by the use of perturbation techniques, while
assuming the flow to be Stokesian.

HEAT TRANSFER TO SPHERES

Most of the significant theoretical studies in this field
are of rather recent origin. Baird and Hamielec (1962)
predicted theoretically approximate local and overall
Sherwood numbers for forced convective transfer around
solid and fluid spheres for Ng, up to 100. The diffusion
equation was solved analytically for the case of a thin
concentration boundary layer (Np, >> 1). The velocity
field used was that derived by Kawaguti and by Hamielec.
The results agreed reasonably with experimental correla-
tions of Griffith (1960) and of Ranz and Marshall (1952).
Hoffman and Ross (1972), assuming a similar velocity
profile, solved the energy equation to investigate the
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effect of mass transfer on heat transfer. The solution was
based on the integral boundary-layer formulation of the
energy equation. Solutions were obtained for the case
of zero mass efflux in the Prandtl number range of 0.7
to 10 and Reynolds number between 20 and 500.

Series truncation method was used by Dennis, Walker,
and Hudson (1973) to solve the energy equation around
a sphere. The velocity profiles were those calculated by
Dennis and Walker (1971). The basis of the method
is to approximate the solution, which in theory consists
of an infinite series, by a finite number of terms. For
the case of low Ng, and Np, of the order of unity, only
few terms are required to give an adequate representa-
tion of the flow conditions, making this approach superior
to the finite-difference method.

Acrivos and Taylor (1962) solved the equation of
energy for the flow around a sphere by the method of
matched asymptotic expansions. The flow field used was
that given by Stokes’ solution. The expression derived
was accurate for Np, < 1 and Np, << 1. Rimmer (1968)
modified this analysis by using the velocity field equa-
tions given by Proudman and Pearson (1957). He ob-
tained an expression which was similar to the one given
by Acrivos and Taylor, except that it contained one term
that was a function of the Prandtl number only.

Assuming the same flow field as that used by Rimmer,
Gupalo and Ryazantsev (1972) obtained a solution for
the problem of steady state heat or mass transfer when
a first-order chemical reaction on the surface of sphere
is also considered. Even though the same method of
analysis was employed, their results, reduced for the
case when the chemical reaction does not influence the
transfer process, were different from those of Rimmer
for pure heat transfer. These authors claim that certain
mistakes in the matching procedure prevented Rimmer
from obtaining the correct results.

Kassoy et al. (1968) studied low Reynolds number
flow past a sphere for cases involving variations in the
fluid properties. The equations of the flow were solved
simultaneously with the energy equation, using the method
of matched asymptotic expansions. The viscosity and
thermal conductivity were allowed to vary linearly with
the dimensionless temperature difference. Expressions were
given for the Nusselt number, drag coefficient and the
pressure distribution.

Woo (1970, 1971) solved the energy equation nu-
merically in conjunction with the equations of the flow.
The steady state equations were transformed to differ-
ence form using Taylor series expansions (finite-differ-
ence method). For the case of forced convection alone,
the flow equations were solved first, and the results were
then inserted in the energy equation. When natural con-
vection effects were also considered, the density was
temperature dependent, and, therefore, both equations
had to be solved simultaneously. Local and average values
of the Nusselt number were obtained for Ng, up to 500.
Beard and Pruppacher (1971) in a complementary work
investigated the rate of evaporation of small water drops
falling at terminal velocities in air. For Ng, larger than
2, they found that the Sherwood number was propor-
tional to the square root of the Reynolds number, while
at Reynolds number lower than 2, the Sherwood number
smoothly approached the limiting value of 2 at Np, = 0.

Pei et al. (1962, 1965) studied pure and evaporative
heat transfer from spheres under combined forced and
natural convection. They found that the two mechanisms
of heat transfer were nonadditive and that the transition
between the two was a gradual one. They also gave the
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upper and lower limits of the parameter Gr/Re? when
the effects of natural or forced convection could be
neglected.

The aim of the present study was to solve the coupled
momentum and energy equations for variable property
flow around a sphere by numerical method. By using
finite-difference approximations, the nonlinear partial dif-
ferential equations are reduced to a set of nonlinear
algebraic equations. Since steady state is assumed, the
resulting equations are elliptic and can only be solved
by iterative methods. This approach was used by Jenson
(1959) and by Hamielec et al. (1967). Convergence
with this method is dependent on the relaxation coefficients
and on the initial guess for the flow and temperature fields.

THE NUMERICAL ANALYSIS

Description of the Model

The following assumptions were made in the math-
ematical formulation of the flow model:

1. The flow past the sphere is laminar and axisymmetric
with zero velocity in the angular (¢) direction and is
invariant with time.

2. The flow field is uniform and isothermal, except for
the perturbations caused by the presence of the sphere.

3. The heat transferred to the sphere by convection is
completely dissipated by other means, such as radiation.
This balance of heat transfer results in a constant sphere
temperature.

4. The physical properties of the gas are dependent
on the temperature only. The heat capacity is assumed
to be constant.

5. The temperature of the sphere is uniform all over
the surface. Because of its relatively low level, no heat
of recombination of ionized species is considered.

6. Gravity effects are not considered, and the effect
of free convection on heat transfer is insignificant,

7. The fluid is extensive and an outer boundary was
set for computational purposes only.

8. Viscous dissipation and compressibility effects are
negligible.

The Governing Equations

The steady state continuity, Navier-Stokes, and energy
equations describing the above model can be written,
in spherical coordinates, as:

Stream function
E*w = {8 sind + 1/p(3%/0zp/ 3z + a%/36-3p/36)
(1)

Vorticity
Nger sind/2[0¥/0z-8/080({/r sinf) — d%/30-3/92({/r sinf)]

= E2ulrsinf + % (u) sind — Nprsing/20(p) (2)
where
E2 = 92/922 — 9/9z + sind 0/86(1/sinf 8/88) (3)

3(u)/2 = 8u/0z[6%0,/3208 + vo + Jv,./08 -+ 320/ 562
+ d(vgcotd) /90 — dve/32] + du/d0[v, — 820,/ 022
— 0209/3200 — cotf (0ve/9z — vy) ]
+ 9%u/022[3v,/ 30 — vg]
+ 9%2u/362[ —0ve/02] + 02/ 0208 904/ 00

+ v, — dv./92] (4)
and

T(p) = 0p/0r(v,00,/08 + vsdve/08)
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— 9p/030(0,00,/3z + vgd0/32) (5)
Temperature

(Nperp/2) (0,8T/0z + v40T/38) = k[82T /322 + 8T/dz
+ 92T/06% + cotg 9T/30] + 0T/ 0k/az
+ 3T/30 -ak/36  (B)

The stream function modified for variable density fluid
was related to the velocity components by the following
equations:

v, = —1/r% sinf 9¥/30 (7)

vg = 1/rp sing 8%/ or (8)

All variables were nondimensionalized in terms of the
bulk conditions of the gas; thus

v =v/p,UR® [ ={R/U,
09’ = OO/UQ
Ngre = 2RU.p/pa 1 = €*

¥ =r/R

o =0,/U, p=plpa b= plpe

T =T/T, K =ki/k,
Npe = 2RU.p.Cp/k.  (9)

The superscript on all the dimensionless variables was
dropped out for simplicity. The dimensionless radial
distances z allows exponential increase in r for equal
increments of z. Also, when z is used, the radial spacing
near the surface of the sphere is kept small while still
maintaining a relatively large domain with a reasonable
number of mesh points.

The thermal conductivity, viscosity, and density of
argon (Amdur, 1958; Drellishak, 1963) in the tempera-
ture range of 1500° to 5000°K are related to the ab-
solute temperature by the following expressions:

p = 487/T (kgm=3)
g =2 X 10~7T= (kg s~'m™1)

k = 157 X 10~4T= (Jm~!s~1K~1)
(10)

where x = 0.8 and C, for argon is independent of the
temperature, as well as the Prandtl number (0.672), In
dimensionless variables

p=1/T (11)

p=k=Te (12)

Equations (11) and (12) couple the energy equation
to the vorticity and the stream function equations. With
the physical properties varying only with the temperature,
the independent variables that characterize the flow
around a sphere are the Reynolds number, Peclet num-
ber, and the dimensionless temperature.

The Boundary Conditions

The three main variables in the momentum and energy
equations are the stream function, vorticity, and tem-
perature. In the numerical solution, a few other variables
were also introduced to reduce the number of calcula-
tions and the size and complexity of the difference
equations. The functions F and G were defined as

F = i/ (r sing) (13)
G = ulrsing (14)

Furthermore, when the functions £ [Equation (4)] and
T [Equation (5)] were evaluated, v, and vy were used
and not the siream function,

The boundary conditions at the sphere surface (z = 0)
were
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JeM+t

CIRCULAR MESH, Z vs. 8
Fig. 1. Circular mesh system.
v=0, T=Ty v,=03¥/30=0;
Lo = 1/p¢ 5ind-32¥/ 022 = To/sing- 62¥/ 922
Also
F = {¢/sinf
G = polp sind = T¢*, sind

V= d¥/dz =20

The conditions at the outer boundary (z = z,) were
{(=F=G=0; T=1

v, = —Cosf;

¥ = r.25in26/2;
vy = sind
The conditions along the axis of symmetry were
Atg = O deg:
v=0;, {=G=0; 9T/66 =0;
vy = —1/{(p,2 sind) - 9¥/ 90,

vg = 0;
F = {/rsing

Since sind = 0 at § = 0 deg, v, and F had to be found
by taking the limits as § approached zero; thus

v, = (—1/pr2) (8°€/362); F = (1/1)(8¢/36)
At 0 = 180 deg:
{=G=0

v, = {1/p12) (829/862);

v =0 0T/906 = 0; vy =0;

F = —(1/r) (8L/86)

The Difference Equations

The stream function, vorticity, and temperature equa-
tions were transformed from their original partial dif-
ferential form to a set of algebraic equations by first di-
viding the flow field into a large number of mesh points
and then approximating the variables at each point by
Taylor series. The derivatives were determined in terms
of adjacent points, using the central difference method
accurate up to the order of (h?). Figure 1 illustrates
the circular mesh used. The governing equations thus
become:

Stream function
[¥(L]+1)(2—A) +%(,]—1)(2+ A)]/242
+ [¥(I+1,])(2—Becotd) + ¥(I—-1,])
(2 + Bcotd)1/2B% — w(1,]) (2/A2 + 2/B?)
— (I, 1) sing/T(L,]) + L/T(L])
[8%/02°9T/8z + 0¥/86-0T/96] =0 (15)
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Vorticity
[G(LT+1)(2—A) +G(I,] —1)(2+ A)]/24A?
+[GI+LN{(2—Bceotd) +GI-1,])
(2 + Bceotd)]1/2B2 — G(I,]) (2/A2 + 2/B2?) + 2(p) sing
— Rer sind/2T (p) + Rer sing/4{o%/30[F(I,] + 1)
—F(L,]—1)]/A — a%/0z[F(I + 1,])

—F(I-1,1))/B}=0 (18)
where

(L) = 2T (1, )=~ 1{8T/a6[v.(1, ])
— 8%0,/92% — 9205/0200 — cotf(dve/0z
~ve(L,]))] + 0T /8z[dv,/ 0268
+ 9v,/08 + 8204/ 836% — dve/ 3% + cotd{dve/ I
—cotbve(L,]))] + (x — 1)/T(1,]) [6°T /822 (0v,/98
—0g{L,])) — 8T/36%:35"/0z + 92T/239(8ve/39
+ v (L J) — 8v./02)1} (17)
(L ]) = =Y/T(1,1)2{8T/0z[v, (I, ]} -8v,/ 30
+ vo(1, J) 909/ 36 — 3T /80 v, (1, ]) 30,/ 0%
+ ve(I, J)dve/92]}  (18)
and the velocity components are defined as
o(L]) =-T(LN[YI+1,]) —e(I-1,])1/
(2Br?sing) (19)
vo(L]) =T(LNIYWLT+1) —¥(L]-1)Y/

(2Ar?sing)  (20)
Energy

[T(LT+1)(2+A) +T(L]-1)(2— A)]/242
+ [T + L, )2 + Beotd) + T(I — 1, ) — B cotd)}/
2B2 — T (I, ])(2/A2 + 2/B%) + Pe/[2r sind T(1, J)*]
(9¥/06-0T/0z — 0¥/0z:9T/86) + x/T (1, ])
[(8T/82)% + (8T/86)2] =0 (21)

For simplicity, some of the derivatives in the difference
equations are written in their differential form. The dif-
ference equivalent of these derivatives can be obtained
by direct substitution into the finite-difference equations.

Boundary conditions

Atz =0:
v(I[,1) =0; wve(I,1) =0; v.(,1)=0;
T(,1) = To; {0, 1) = To-[8%(, 2) — ¥(I,3)]/242 sing
G(L]) = TFL (1, 1) sing;  F(I, 1) = {(I, 1)/sing
Atz =z

V(LM +1) =r,sin2/2; {(I,M+1)=0;
FLM+1)=G(I,M+1)=0; T(LM+1)=1
ve(I, M + 1) = sing;
At9 =0:
v(1,]) =0; {(1,]) =0;
T(1,J) =[4T(2,]) = T(3,1)1/83;

v, (I, M + 1) = —cosd

Ug(l,]) = 0;
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o.(L,]) = —2T(L,1)¥(2,])/B¥%

F(L,]) =¢(2,1)/Br; G(L])=0
At =m

¥Y(N+L])=0; {(N+1])=0;

T(N+1,]) = [4T(N,]) = T(N — 1,1)1/3;
vo(N+ 1,J) =0; o(N+1,]) =2T(N+1,])
¥(N,])/B*% F(N+1,]) = —{(N,])/Br;

GIN+1LD)=0

The above algebraic equations cannot be solved directly
because of their nonlinearity. Hence, an iterative pro-
cedure was used. The most appropriate iteration method
is the successive over relaxation (SOR) method, where
a relaxation factor is used to control the speed of con-
vergence of the process and to maintain its stability.

The Relaxation Procedure

Equations (15), (16), and (21) can be written in
a general form as

o(L]) =fle(I+ L), ®I-1]),

The new value of function ®(I, J) is calculated using
the latest values of the variables in the adjacent points.
Replacing this new value directly into the grid can cause
instabilities which may lead to divergence. To avoid this,
the new value of the function that is placed in the grid
is chosen somewhere between the old and the calculated
value; thus

Ppew = Po1a + W(q)calc - @old) (23)

W is known as the relaxation coeflicient. The optimum
value of the relaxation coefficient that will give the
fastest convergence depends on the mesh, the shape of
the domain, the type of boundary conditions, and on
the nature of the equations (Roache, 1972)., Roache
(1972) and Lapidus (1962) gave methods for calcu-
lating the optimum relaxation coeflicients for linear elliptic
equations, No such methods are available when the equa-
tions are nonlinear. Moreover, because of the large com-
putation times required for solving a set of nonlinear
equations, it is not practical to conduct a systematic study
of the effect of different relaxation coefficients on the
rate of convergence. In such instances, the relaxation
coefficients are chosen by trial and error, and their value
is specific to the system under consideration. Usually,
the selection of the relaxation coefficient is based on the
highest value that does not cause instabilities,

For nonlinear problems, there is no reason for assum-
ing that the optimum relaxation coeflicient has the same
value over the entire flow field. In the logarithmic grid
of the present study, the mesh size increased exponen-
tially with radial distance away from the surface resulting
in an increased instability near the outer boundary. There-
fore, small values of the relaxation coeflicient near the
outer boundary were necessary to reduce error propaga-
tion and to dampen oscillations.

The general form of a second-order elliptic equation is

V2,0 = Pad/ox + Qad/dy (24)

Woo (1970) derived the following expression for the
relaxation coefficients to be used in the solution of the
above equation

Wai; = 2/[1 +VO0B(PZ+ 091 (25)

and for the linear Poisson’s equation:

AIChE Journal (Vol. 25, No. 3)

Wy = 2/[1 4+ =~/05(N-Z3 M-2)] (28)

Woo found that for linear equations, such as constant
property heat transfer to a sphere, convergence with
these relaxation coefficients was much faster than when
constant factors were used. No such comparison was
possible for the nonlinear problem, where the relaxation
coefficients had to be evaluated at every step, since P
and Q were continuously changed during the computa-
tion. Fortunately, Woo found that these coefficients (P
and Q) did not vary much from one iteration to the
other and, thus, had to be recalculated only once in
every K iterations. K was of the order of 20.

The values of P and Q were found from Equations
(2) and (6):

P; = Ng./2r sinf 0¥/ 9z (27)
Q; = — Ng/2r sinfl 9¥/08 (28)
Pp = Np./2r sinf 0%/3z (29)
Qr = — Np./2r sind 8%/06 (30)

A computer program was written for the simul-
taneous solution of the governing equations by the above
iteration method. Direct substitution (W = 1) and vary-
ing relaxation coefficients were applied alternately on
the mesh points to calculate the new values of the vor-
ticity, siream function, and temperature. The independent
variables of the program were the Reynolds number,
Peclet number, dimensionless surface temperature, and
the property exponent x. The program, however, did not
give the constant property solution when x was set to
zero because the variation of the density with tempera-
ture was stil]l included in the equations. This less general
set of equations was found to require less computations,
as compared to that where the properties were evaluated
individually at every point. To obtain the constant prop-
erty solution, a separate program was written. Since
the simpler constant property equations were used in
this program, the energy equation was no longer coupled
to the momentum equations, and thus the former was
solved after the flow field had been calculated.

Computation Sequence

The number of iterations required to reach convergence
depends on the nature of the problem, the relaxation
coeflicients used, and on the initial guess. Starting with
a guess that was far from the condition under study caused
instabilities and required the use of very low relaxation
coeflicients which in turn led to an increase in the num-
ber of iterations. To overcome this problem, the solutions
were obtained in small faster steps, through which the
Reynolds number and the surface temperature T, were
changed gradually.

The complexity of the equations under study prevented
a systematic investigation of the exact effects of lattice
spacing and field size on the accuracy of the solutions,
in order to permit the selection of an optimum mesh.
Woo (1970) studied the constant property problem ex-
tensively and made some recommendations on the op-
timum mesh and field sizes. These guidelines were used
in this study, where two different mesh sizes were used
for the low and the intermediate Reynolds number ranges;
thus

Nre Az M Te Al N
01—-1 0.1 40 54.6 6 deg 30
10 — 50 0.05 40 7.39 6 deg 30
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Fig. 2. Effect of surface temperature on surface vorticity distribution
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Fig. 4. Effect of Reynolds number on vortex length L/D for constant
property flow.

The convergence criterion in this study was based on
maximum absolute error in the temperature and vorticity.
When the change in these variables between successive
iterations was less than the tolerance, at every lattice
point the computation process was stopped and the
Nusselt number and the drag coeflicients calculated. These
were also calculated once every K iterations. The toler-
ance was 107% for low Ng, and went up to 1073 at
Reynolds number of 50. As the computation times be-
came excessive, the calculations were stopped when the
variations in the Nusselt number and the drag coefficients
from one iteration to the other were small. It was felt
that very accurate solutions were not quite necessary
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Fig. 3. Effect of Reynolds number on separation angle ©5 for con-
stant property flow.

TABLE 1
Nre To =10 To = 0.75 To = 0.50 Ty = 025

Separation angle, 65

20 — 11.0 deg 13.5 deg 12.5 deg

30 26.5 deg 28.5 deg 30.5 deg 28.5 deg

50  40.0 deg 41.0 deg 420deg  425deg
Vortex length, L/D

20 —_ 0.02 0.03 0.03

30 0.22 0.20 0.21 0.22

50 0.48 0.54 0.55 0.52

since, in practice, the flow variables in high temperature
environments are not known to such an accuracy as to
justify the increase in the computation work.

RESULTS AND DISCUSSION*

Flow Field

The surface vorticity distributions for Ng., = 50 and
0.25 = Ty = 1.0 are shown in Figure 2. T, is the ratio
of the temperature of the sphere surface to that of the
gas stream. The effect of the Reynolds number and T,
on the angle of separation §; and on the vortex length
expressed as the ratio L/D are listed in Table 1. For
the correct interpretation of the data which will be
presented in the rest of this paper, it should be remem-
bered that Ty = 1 denotes isothermal and therefore
constant property conditions. For Ty < 1, the surface
temperature of the sphere is lowered with respect to
that of the gas stream.

It can be observed from Figure 2 and Table 1 that
outside of the large effect on the surface vorticity, the
decrease in the sphere surface temperature had little
effect on the overall trends of the flow. At a specific
Reynolds number, the maximum value of the surface
vorticity occurred at the same angle at all Ty values.
Flow separation point and vortex size were also only
marginally affected by the decrease in the surface tem-
perature.

The actual vorticity values, however, became very much
higher as T, decreased, actually increasing exponentially

®» The complete results of the numerical analysis can be found in the
thesis by N. N. Sayegh (1977).
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Fig. 5. Streamlines for constant and variable property flows ot To =
0.25 Nge, = 0.1.
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Fig. 7. Vorticity contours for constant and variable property flows
at To = 0.25 Nge, = 0.1.

with a decrease in T, This is attributed to higher ve-
locities and hence steeper velocity gradients near the
surface caused by a decrease in the fHuid viscosity. It is
certainly the most striking feature of the vorticity cal-
culations.

Figures 3 and 4 compare the separation angle and
vortex lengths obtained in this study for constant property

FLOW ISOTHERMS

VARIABLE— PROPERTY Npg,,* O

CONSTANT -~ PROPERTY
FLOW

Fig. 6. Streamlines for constant and variable property flows at Ty =
0.25 Nge,, = 50.

YORTICITY CONTOURS
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0.1

VARIABLE - PROPERTY
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T, »0.25

CONSTANT - PROPERTY
FLOW

Fig. 8. Yorticity contours for constant and variable property flows at
To = 0.25 NRr., = 50.

flow (T, = 1) with experimental and theoretical results
reported in the literature. Very good agreement is in-
dicated, thus demonstrating the validity of the model
and of the numerical analysis, It was not possible to
present a similar comparison for the variable property
case owing to the unavailability of pertinent data.

Figures 5 to 8 show the streamlines and vorticity con-
tours for constant property flow and the variable property

FLOW ISOTHERMS

NReg * 50 0.995
T,*025 VARIABLE - PROPERTY ® -
FLOW
T.%0.25 09
/l‘_/ ==
4 08
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\
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PROPERTY 0.
FLOW 0.998
T,+0.25

Fig. 9. Temperature fields for constant and variable property flows
ot Tp = 0.25 Nge, = 0.1.
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Fig. 10. Temperature fields for constant and variable property flows
at To = 0.25 Ng., = 50.
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Fig. 1. Effect of surface temperature on local Nusselt number dis-
tribution Nre, = 50.

case at Ty = 0.25 for Ng. = 0.1 and 50. Here again, the
general shape of the flow field did not change significantly
with departure from isothermal conditions. The stream-
lines, however, moved closer as the surface temperature
was reduced, This was partly caused by an increase in
the fluid density accompanied with little change in the

2

o

n

SURFACE PRESSURE, P/ % p, U

(o
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ANGLE FROM FRONTAL STAGNATION POINT, 8

Fig. 13. Effect of surface temperature on surface pressure distribution
NRe, = 50.
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Fig. 12, Effect of surface temperature on surface pressure distribution
NRe, = 0.1.

velocity and partly due to lower viscosity which was the
main reason for higher velocities near the surface. For
the same reasons, the recirculation in the wake was much
faster for colder sphere surfaces, while the actual size
of the vortex was approximately the same as for the
constant property case. The presence of low viscosity,
higher density, and velocity near the surface, as that
experienced in the variable property case, should effect
a much earlier separation. This, however, was not the
case owing to the complex interaction between the steep
velocity, temperature, and property gradients near the
surface. A detailed discussion of these phenomena is be-
yond the scope of this paper.

Temperature Field and Local Nusselt Numbers

The temperature fields for constant property flows and
variable property flows at Tq = 0.25 are shown in Figures
9 and 10 for Ng, = 0.1 and 50. Figure 11 is a plot of

60
40 O PRESENT WORK
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Fig. 14. Variation of front stagnation pressure with the Reynolds num-
ber for constant property flow.
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TABLE 2

Nge To=10 To=0.75 Ty=050 Ty = 0.25
Friction drag coefficients

01 168.4 148.1 129.2 103.8

1 18.45 16.56 14.63 12.42
10 2.96 2.69 2.46 2.18
20 1.07 1.65 1.52 1.37
30 135 1.26 1.16 1.04
50 0.96 0.90 0.84 0.77

Pressure drag coefficient

0.1 82.3 877 85.0 38.0

1 9.04 9.90 9.70 2.90
10 1.63 1.77 1.89 0.33
20 1.79 1.18 121 —0.61
30 0.86 0.95 0.93 —1.04
50 0.67 0.72 0.66 —1.52

Total drag coefficient

0.1 250.6 235.8 214.1 146.2

1 2749 26.46 24.33 15.32
10 4.59 4.46 4.36 2.52
20 2.86 2.83 2.73 0.76
30 221 221 2.10 0.007
50 1.62 1.62 1.50 —.075

the local Nusselt number distributions along the sphere
surface for Npe, = 50 and 0.25 = T, = 1. All of the
Nusselt numbers were evaluated at free stream conditions
(same k.) to allow comparison between different surface
temperature conditions.

Once again, the change in the surface temperature
affected the level of the temperature only and not the
general pattern of the temperature field. The variable
property flow isotherms moved closer to each other as
the surface temperature was decreased, resulting in higher
temperature gradients at the surface than in the constant
property case. This increase in the temperature gradient,
however, did not result in higher heat transfer rates or
Nusselt numbers (see Figure 11), since the decrease of
the surface temperature was accompanied by a similar
reduction in the thermal conductivity of the gas near
the surface.

Surface Pressure Distribution

Figures 12 and 13 show the surface pressure distribu-
tions for Ng, = 0.1 and 50. It can be observed that at
low Reynolds numbers (Ng, = 0.1) the effect of decreas-
ing the surface temperature was a lowering in the value
of the front stagnation pressure po. On the other hand,
for intermediate values of the Reynolds number, this
influence was reversed, and p, attained higher values
at lower surface temperatures. The stagnation pressure
equation can be written in the following simplified form:

po = inertia term 4 8/Ng, [viscous term}

As the surface temperature is lowered, the density
of the fluid increases, resulting in higher inertia forces.
On the other hand, lower surface temperature reduces
viscous forces by reducing fluid viscosity near the sphere.
At low Reynolds number, the viscous forces are pre-
dominating, and by reducing them, the front stagnation
pressure is also reduced. However, at higher Reynolds
numbers, the inertia forces gain importance, leading to
higher p; values at lower temperatures.

Figures 12 and 13 show that for the studied range of
the Reynolds numbers and Ty = 0.5, the effect of varying
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Fig. 15. Variation of friction, pressure and total drag coefficients
with the Reynolds number for constant property flow.

TaBLE 3. OveERaLL NusseLt NuMBeR hD/k,

NRe
UD/v, To=10°" Ty=0.75 Tp=050 To=025
0.1 2.021 1.918 1.687 1.370
1 2.232 2.123 1.879 1.528
10 3.323 3.161 2.924 2.537
20 4.022 3.872 3.614 3.136
30 4.560 4.425 4.143 3.584
50 5.411 5.281 4.979 4313

® To = 1.0 refers to constant property solution.

fluid properties on the surface pressure distribution was
not very marked. However, at Ty = 0.25, the surface
pressure gradient p/df became less steep, and at Nge
> 20 its direction changed from negative to positive.
Consequently, the surface pressure increased with § lead-
ing to p(w) > pe. It is important to note that the trend
first exhibited in Figure 12 went right through all the
Reynolds numbers studied, There was no discontinuity in
the behavior which might indicate a faulty numerical
technique. The explanation for this phenomenon can be
deduced from the Navier-Stokes equation. At the sphere
surface, the inertia forces are equal to zero because of
the no-slip condition. Hence, the change in the momentum
transfer by viscous forces is balanced by an equal change
in the pressure force. The rate of momentum gain by
viscous transfer in the ¢ direction at the sphere surface
is proportional to §{—plr)/dz. For constant property
flow, the viscosity is constant, and the change in momen-
tom is positive since 8{r/9z is negative. Consequently,
the change in the pressure force is negative. However,
when the viscosity is also changing with radial position,
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the overall change in momentum transfer can be either
negative or positive, depending on the relative magnitude
of the viscosity and velocity gradients.

From a purely physical point of view, it must be
admitted that the behavior at Tp = 0.25 is highly
anomalous. The increase in surface pressure at Ng. > 20
predicted by the numerical analysis is extremely difficult
to reconcile with the classical physical visualization of
boundary-layer flow. Flow without separation in the
presence of such large positive pressure gradients could
only be sustained if the boundary layer were turbulent,
the transition occurring in the frontal region of the sphere.
A turbulent boundary layer would also account for the
very low total drag coefficients, reported in the next
section, under these conditions. It must be emphasized,
however, that the numerical analysis was entirely based
on laminar flow considerations. The solutions would,
therefore, be invalid if turbulence were present. Nor
can the analysis predict the onset of turbulence. The
interpretation must, therefore, be strictly based on the
momentum transfer considerations mentioned above.

In Figure 14, the values of the front stagnation pressure
for constant property flow were plotted vs. the Reynolds
number, A very good agreement between the present
results and the results of others can be observed.

Drag Coefficients

The values of the friction, pressure and total drag
coefficients are listed in Table 2. Since the friction drag
is directly proportional to the viscosity and inversely
proportional to the Reynolds number, it decreased mono-
tonically with increasing Ng. and decreasing To. The
pressure drag is a result of differences in the pressure
over the sphere surface and is, therefore, directly related
to the shape of the pressure distribution curve. As was
discussed earlier, for Ty = 0.5, the effect of decreasing
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Fig. 16. Variation of the overall Nusselt number with the Reynolds
number for constant property flow.
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To on p(8) was small, and consequently the variation
of Cpp with Ty is also small. At T, = 0.25, however,
the shape of p(#) vs. § curves was drastically changed,
and hence the pressure drag coefficients were significantly
reduced.

The constant property drag coefficients obtained in
this study are compared in Figure 15 with experimental
and theoretical results of other works. The present results
are slightly higher than most of the rest. This discrepancy
is possibly due to the closer outer boundaries selected
for the present analysis (r. = 7.4) as compared to 7.,
= 90 in LeClair’s (1970) solution.

Correlation of Heat Transfer Results

The values of the overall Nusselt number for all of
the cases studied are listed in Table 3. In the following
analysis, a correlation will be derived for constant prop-
erty flow which will then be modified to include the
effect of variable properties.

Constant Property Transfer. In Figure 16, the con-
stant property results of this study are compared with
the theoretical results of Woo (1970) and Dennis et al.
(1973) and to the experimental equations of Whitaker
(1972), Beard and Pruppacher (1971), and Ranz and
Marshall (1952). Excellent agreement can be observed
among the theoretical results, including those of the
present study. The experimental correlations, however,
are accurate for only very small ranges of the Reynolds
number, A new correlation will, therefore, be proposed
here to fit the numerical results. The general form of
the equation will be assumed to be

Nyy = a + DNp,”Ng," (81)

a is the limiting Nusselt number at Np, = 0. For a sphere
immersed in a constant property fluid, ¢ has the value
of 2. The exponents m and n need not necessarily be
constants.

In the present work, only one value of the Prandtl
number was studied, namely, Np, = 0.67. Consequently,
it was not possible to investigate the effect of the Prandtl
number from the results,

Woo (1970) solved the energy equation for Ng, be-
tween 1 and 300 and 0.25 < Np, < 5. Based on Equa-
tion (31), the exponent m in the range 0.5 < Np, < 2
can be derived from Woo’s results as

m = 0,78 Np,~0.145 (32)

for 0.2 < Ng. < 100. For Ng, < 0.2, m approaches the
value of unity and at high Ngz, (>100) a value of 0.435.
Using Equation (32), the Nusselt number dependence
on Re and Pr was found to be

Nu = 2 + 0.473 Np,mNg0-552 (33)

Variable Property Transfer. For the limiting case of
the Reynolds number approaching zero, the Nusselt num-
ber for a sphere submerged in an infinite constant property
flnid approaches a value of 2, which represents conduc-
tion heat transfer. This value, however, deviates from 2
for variable property fluids owing to the variation of the
gas conductivity with radial distance away from the
sphere. The energy equation at zero Ng, reduces to

(1/r2)d{r%q.) /dr = 0 (;34)

Substituting the relation between k and T into the
above equation and integrating between the limits of
the sphere surface and infinity, we get in dimensionless
variables (thatis, T’ = T/T ;" = r/r,)

Ta+2 =1 — (1/r') (1 — Tpt+%) (35)
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The overall Nusselt number based on properties evalu-
ated at the surface temperature, in dimensionless vari-
ables, is given by

NNHO = 1/(1 - TO) .’; dT’/d”lr’=1 sind d0 (36)

Substituting Equation (35) and integrating, we get,
for Nge =0

NNuo = hD/ks = 2(1 - T01+I)/[(1 + x) (l —_ To)Tox]
(87)

When we use a dimensionless reference temperature Ty
instead of T, to evaluate the thermal conductivity, the
above equation becomes

Nyu = hD/ks = 2(1 — To'+2) /[ (1 + x) (1 — To) Tf]
(38)

Equation (31) for constant property transfer can now
be modified to include the effect of variable properties;
thus

NNujk = 2 ffk + 0.473 NPrmNRerO.552 (39)
where
fre= (1= To'**)/[(1 +x) (1 — To) Tw*] (40)

In this equation, the Nusselt number is evaluated at
reference temperature Ty, and the Reynolds number at
Ty, Reference temperatures are used to account for
changing physical properties in the flow field. Since the
thermal conductivity and the kinematic viscosity do not
change in the flow field in exactly the same manner,
nor is their effect on the heat transfer process identical,
there is no justification for presuming that the reference
temperatures at which Ng, and Ny, are evaluated are
the same. Obviously, the function f should be evaluated
at the same temperature as Ny,

From the numerical results it was found that Equation
(39) gave the best fit when the Nusselt number was
evaluated at surface temperature and the Reynolds num-
ber at T 19, defined as

Toas = Ts + 0.19(T. — Ts) (41)

The exponent of the Prandtl number in Equation (32)
was calculated using Ng., ;9.

A common practice in the past for accounting for vari-
able property variations has been to multiply the heat
transfer equation by a property ratio raised to a certain
power, This method was not used in the present analysis
for two reasons: the equation does not reduce to the
variable property limiting Nusselt number at Ng, = 0
and there is no theoretical justification for this property
ratio.

Summarizing, the heat transfer correlation derived from
the numerical analysis is

Niup = 2 fo + 0.473 NENSS2, (42)
where
m = 078 N;e%.lﬁf (43)

2fp = 2(1 — Tyttz)/
[(14 x)(1 — To)T¢*] = limiting Ny, (44)
Nrep19 = UD/voas (45)

This equation reduces to Equation (33) for constant
property heat transfer.

In closing, it should be noted that since the present
study was completed, the authors have had an opportunity

AIChE Journal (Vol. 25, No. 3)

of carrying out an experimental investigation of the
rate of heat transfer to spheres exposed to an argon
plasma jet. The experimental results, which will be pub-
lished soon, are in good agreement with the theoretical
predictions of the present paper.
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NOTATION
A = lattice spacing in z direction
a constant, Equation (31)

lattice spacing in 4 direction

constant, Equation (31)

heat capacity at constant pressure

diameter of sphere

differential operator

arbitrary function of vorticity defined in Equa-
tion (13)

function defined in Equation (40)

arbitrary function of vorticity defined in Equa-
tion (14)

lattice spacing, general

heat transfer coefficient

thermal conductivity

vortex length, dimensional

total number of division in grid, z direction
exponent of Prandtl number, Equation (31)

total number of division in grid, 8 direction
exponent of Reynolds number, Equation ( 31)
overall Nusselt number, AD/k

coefficient defined in Equation (24)

front stagnation pressure, dimensionless

Peclet number, Pr-Re

Prandtl number, cpu/k

coefficient defined in Equation (24)

heat flux

radius of sphere

radial distance

distance from sphere surface to outer boundary,
dimensionless

Reynolds number, UD/»

temperature

dimensionless temperature (T/T.)

dimensionless reference temperature for thermal -
conductivity

dimensionless reference temperature for kinematic
viscosity

ratio of temperature of sphere surface to that of
the gas stream = T,/T,

= reference temperature defined in Equation (41),
dimensional

free stream velocity

velocity vector component

relaxation coefficient

transport property exponent

dimensionless radial distance
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Greek Letters

T = function defined in Equation (3)

a = difference

L = vorticity, ¢ component

8 = angle measured {rom front stagnation point

9s = separation angle, measured from near stagnation

point
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viscosity

kinematic viscosity

density

function defined in Equation (4)
arbitrary function

stream function

I O (O T A

& B MD ¥E

Subscripts

evaluated at reference temperature
defining mesh point in § direction
defining mesh point in z direction
in r direction

evaluated at surface conditions

in g direction

evaluated at free stream conditions

D @ N Sy

e

Superscript
= dimensionless variable
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